
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



PEOBLEMS AND SOLUTIONS. 



83 



Solution by J. A. Caparo, University of Notre Dame. 

Let / be the given angle, P the given point, OA = k half the required length. 

Construction. Let OC bisect the given angle. Draw AE ± to OA and AY _L to OC, thus 
making OL = OA. On PS as a diameter describe a circle intersecting AL at ?7 and H. Then 
Pff and PU are the required lines. 




Proof. Draw ES, ET and draw EL which will be X to OL. The quadrilaterals EH AS and 
EHTL are inscriptible in circles since SAE and EHS; EHT and SL!T are right angles. 
Hence, 

/ SEA = z AiLS = / TEL = / TSL and A ELT = A EAS. 

Then ES = Sr, iLS = HT and AS = TK = TL, where TiT is parallel to OA. 
But, OA +0L = 2k by construction. Hence, 



and finally, 



OA+AS + OL -AS = 2k or OA+AS + OL-TL = 2fc, 
os + or = 2fc. 



The line PU produced cuts from the given angle segments whose difference is 2k. The proof 
is the same as the above. 

An excellent solution was given by Professor F. L. Geiffin, of Reed College, 
the proof of which involves the calculus. 

Using the same construction as in Professor Caparo's solution, he notes the fact that, after 
the point E is located, the rest is merely the well known construction of a tangent to a parabola 
from a given point. This parabola, which has OC as its axis, E as its focus, and AL as the tangent 
at its vertex, is the envelope of the whole family of lines cutting off on the sides of LO two segments 
whose sum is 2k. Thus, the required line is merely that tangent to this parabola which passes 
through the given point P. 

This point of view brings out the discussion that there is no solution, one solution, or two 
solutions, according as the given point P lies within, on, or without the parabola. If P lies 
outside the given angle, as in the figure above, then one of the lines, as PU, will cut one side of 
the angle produced through the vertex, but the sum will still be 2k if we call this segment negative. 
Professor Griffin also gives a solution involving analytic geometry but not the calculus. Others 
may be interested to work out both of these solutions. Editors. 

Also solved by A. H. Holmes, Paul Capeon, J. W. Clawson, and N. P. Pandta. 

468. Proposed by elmer SCHOTLER, Brooklyn, New York. 

Given two circles and a straight line, to draw a circle tangent to the line and coaxial with 
the two given circles. 
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Solution by Nathan Altshiller, University of Colorado. 

Let r be the radical axis of the two given circles 71, 72, and P the point of intersection of r 
with the given line, I. The tangents drawn from any point of r, and in particular from P, to all 
the circles of the coaxial system determined by 71 and 72, are all of equal length, when measured 
from P to the respective points of contact. On the other hand, the centers of all the circles 
coaxial with the two given circles, lie on the line of centers c of these two circles. 

The above suggests the following solution of the problem: 

From the point P draw a tangent to one of the given circles. Let S denote the point of 
contact. On I lay off two segments PT and PT' such that PT = PT' = PS. The perpendiculars 
to I erected at T and T' will meet the line of centers c in the centers C and C of the two circles 
satisfying the conditions of the problem, the respective radii being the segments CT and C'T'. 

This construction is applicable whether the given circles are tangent to each other, or cut 
each other in real, or imaginary points. 

The problem has, in general, two real solutions. 

An interesting special case arises when the line I is parallel to the radical axis r, and hence 
perpendicular to the line of centers c. Since the center of the required circle is to be on c, the 
necessary and sufficient condition for it to be tangent to i! is, in the present case, that the circle 
shall pass through the point of intersection of I with c. We are thus led to the problem: 

Given two circles and a point, to draw a circle passing through the given point and coaxial with 
the two given circles. 

This problem may be solved as follows: From an arbitrary point P of the radical axis r draw 
a tangent PR to one of the given circles, touching the circle at the point B. On the line PQ 
joining P to the given point Q find the point Q' such that PQ-PQ' = PB?, Q and Q' being on the 
same side of the radical axis. The point Q' belongs to the required circle, which is now readily 
constructed. 

This construction is valid for any point Q in the plane, and whatever the relative position of 
the two circles with respect to each other may be. 

The problem has, in general, one real solution. 

Also solved by C. N. Schmax-l, Geo. W. Habtwell, Frank Iewin, Hebbert N. Cableton, 
J. W. Clawson, and N. P. Pandta. 

469. Proposed by 3. Alexander clabkb, West Philadelphia High School. 

If in an isosceles triangle, a circle is described on one side as diameter, and a line is drawn 
through the mid-point of the side parallel to the base, the circle and the parallel will intercept 
on the trisector of the angle at the vertex a segment equal to the radius of the circle. Show how 
this can be used to trisect any angle. 

Solution by J. W. Clawson, Collegeville, Pa. 

Let A be the vertex of the isosceles triangle. Bisect either arm at 0. Draw the circle, 
center 0, radius OA. Draw a line, OB, from parallel to the base. Then if a line is supposed 
drawn to trisect the angle A, cutting the line OB at K and cutting the circle again at Q, we are to 
prove that KQ = B, the radius of the circle. 

Now 

AQ = 2B cos g . 
Also 
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Hence 



KQ = B\ 2 cos -5 — cos 2 sec -^ = B 2 cos -^ — 4 cos 2 -3 + 3 
= B[2cos|-2(l+cosD +3] =B. 



